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1 Impulse Response Functions

1.1 Definitions

Definition: A Linear Process is a time series process that is a linear weighted sum of white noise
shocks:

Xt = µ+
∞∑

j=−∞
θjεt−j

where εj ∼WN(0, σ2)

Definition: A Causal Linear Process is a linear process such that θj = 0∀j < 0. That is, a
causal linear process takes the form:

Xt = µ+

∞∑
j=0

θjεt−j

where εj ∼WN(0, σ2)

Definition: The Impulse Response Function is a function from all possible lags to the effect of
a unit change in εt−j on Xt. That is,

IRF (j) = θj =
∂Xt

∂εt−j

1.2 Interpretation

The IRF is hard to interpret in the general case. But, under a specific way of writing the linear
process, it is easier to interpret.
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Note that

Xt = µ+
∞∑
j=0

αjεt−j

where ηj ∼WN(0, σ2η)

is the same process as

Xt = µ+ ηt +
∞∑
j=1

αj
α0
ηt−j

where εj ∼WN(0, α2
0σ

2
η)

So, we can always normalize our model such that θ0 = 1 without loss of generalization.
That is, we can always write our process as:

Xt = µ+ εt +

∞∑
j=1

θjεt−j

where εj ∼WN(0, σ2)

If we do so, then what is the interpretation of εt?

εt = Xt − E[Xt|info at time t]

i.e.
εt = Xt − E[Xt|εt−1, εt−2, εt−3, εt−4...]

That is, εt is the part of Xt that was unexpected or could not have been predicted. With this inter-
pretation, the IRF is easier to understand:

IRF (j) = ∂Xt
∂εt−j

is the effect of an unpredictable one unit increase of X in j periods ago on X
today.

Important: this interpretation only holds under our specific normalization!

1.3 Example 1: New York City Population

The point of this procedure is to answer the questions: "If there is an unexpected growth burst in
the population of New York City, how does this effect population growth in future time periods?"
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If we estimate an MA(4) model, we attain an estimates of the parameters in the model:

Xt = µ+ εt + θ1εt−1 + θ2εt−2 + θ3εt−3 + θ4εt−4

where εt ∼ N(0, σ2)

We end up with the following estimates:
θ1: 0.45460
θ2: .3995
θ3: -0.0236
θ4: 0.2677
µ: 25.4812
σ2: 341.2
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If we estimate an AR(1) model, we attain an estimates of the parameters in the model:

Xt = µ+ φ1Xt−1 + εt

where εt ∼ N(0, σ2)

We end up with the following estimates:
φ1: 0.5970
µ: 25.3738
σ2: 342.7

4



1.4 Example 2: Simulated Asset Returns

Say we have an asset whose price seems random, but it actually responds to news in a very specific
way. If we could figure it out, we could make money (and make the economy more efficient ??).

The True Process is:
Xt = εt +

1

3
εt−19

Can you see the pattern?
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2 Attaining an ACF for an AR

This is more difficult than the MA method. We cannot just plug in anymore, as the Xt−1 will still
be included in the covariance! What do we do?

2.1 MA(∞) Method

One method to solve for the ACF of an AR(p) model is to:
Step One: Solve for coefficients in the MA(∞) that corresponds to the AR model by recursive
substitution or using the following formula:

θj =

j∑
k=1

φkθj−k

where θj are the MA coefficients and φk are the AR coefficients.
Step Two: Calculate the first p autocorrelations as an MA. Step Three: For all lags larger than p,
note that

γ(h) = φ1γ(h− 1) + φ2γ(h− 2) + ...
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Example: AR(1)
Xt = φXt−1 + εt

Step One:
Xt = φ(φXt−2 + εt−1) + εt

...

Xt =

∞∑
j=0

φjεt−j

OR

θ1 =
1∑

k=1

φkθ1−k = φ1

θ2 =

2∑
k=1

φkθ2−k = φ1θ1 + φ2 = φ21

...

θh =
h∑
k=1

φkθ2−h = φ1θh + φ2θh−1... = φh1

Step Two:
γ(0) = Cov(Xt, Xt)

= Cov(
∞∑
j=0

φjεt−j ,
∞∑
j=0

φjεt−j)

=
∞∑
j=0

φ2jCov(εt−j , εt−j) +
∞∑
j=0

∑
j′ 6=j

φj+j
′
Cov(εt−j′ , εt−j)

=

∞∑
j=0

φ2jσ2

=
1

1− φ2
σ2

as long as φ2 < 1 Now, note that
Xt−1 = Xt

γ(1) = Cov(Xt, Xt−1)

= φCov(Xt−1, Xt−1) + Cov(εt, Xt−1)

= φγ(1) = φ
1

1− φ
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Lastly,
γ(h)Cov(Xt, Xt−h)

= φCov(Xt−1, Xt−h) + Cov(εt, Xt−1)

= φγ(h) = φh
1

1− φ

2.2 Yule-Walker Method

Step Zero: Take the covariance of the left hand side and right hand side of the AR equation with
respect to Xt.
Step One: Take the covariance of the left hand side and right hand side of the AR equation with
respect to Xt−1.
... Step p: Take the covariance of the left hand side and right hand side of the AR equation with
respect to Xt−p.
Step p+1: Take the covariance of the left hand side and right hand side of the AR equation with
respect to Xt−k for an arbitrary k > p.
Step p+2: Solve the system of equations from steps 0 to p for the autocovariance functions of lags
0 to p.
Step p+3: plug in iteratively into the equation from step p+2 to attain the rest of the autocovariance
values.

Example: Xt = φXt−1 + εt

Step Zero:
Cov(Xt, Xt) = φCov(Xt−1, Xt) + Cov(εt, Xt)

γX(0) = φγX(1) + σ2

Step One:
Cov(Xt, Xt−1) = φCov(Xt−1, Xt−1) + Cov(εt, Xt−1)

γX(1) = φγX(0) + 0

Step Two:
Cov(Xt, Xt−k) = φCov(Xt−1, Xt−k) + Cov(εt, Xt−k)

γX(k) = φγX(k − 1) + 0

Step Three:
γX(0) = φγX(1) + σ2

γX(k) = φγX(k − 1)
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Plugging the second equation into the first:

γX(0) = φ(φγX(0)) + σ2

γX(0) =
1

1− φ
σ2

Step Four:
And plugging this recursively into the second equation:

γX(k) = (φ)k
1

1− φ
σ2

10


	1 Impulse Response Functions
	1.1 Definitions
	1.2 Interpretation
	1.3 Example 1: New York City Population
	1.4 Example 2: Simulated Asset Returns

	2 Attaining an ACF for an AR
	2.1 MA() Method
	2.2 Yule-Walker Method


